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General Notations

Some General Notation
@ N denotes the set of positive integers.
@ Ny denotes the set of non-negative integers.
@ [P denotes the set of (positive) primes.
@ A denotes the set of algebraic complex numbers.

@ C denotes the set of complex numbers.
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Commutative Cancellative Monoids

Definition. A monoid is a pair (M, +), where M is a set and + is
an associative binary operation on M such that there exists an
element 0 € M with 0+ b=b+0=bforall be M.

Note. Throughout this presentation, we tacitly assume that every
monoid M is

@ commutative: b+ ¢ = c+ b for all b,c € M and

@ cancellative: a,b,c € M, if a+ c= b+ ¢, then a=b.
We check that the following are indeed monoids, because they
satisfy closure, have an identity, and are also commutative and
cancellative.
Examples

@ (Np,+): The nonnegative integers.

e ({0} UQs>1,+): The rationals that are at least 1, and 0.

@ (Q@>1,-): Rationals that are at least 1 (under multiplication).
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Submonoids

We say that N is a submonoid of M if N C M and N itself is a
monoid under the same operation (i.e., N is closed, has an identity,

and satisfies associativity, commutativity, and cancellativity).
Examples.

@ A numerical monoid is defined as a submonoid of (N, +)
with finite complement.

@ A Puiseux monoid is defined as a submonoid of (Q>¢, +).

@ Every numerical monoid is also a Puiseux monoid.
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Generating Set and Finitely Generated Monoids

An additive monoid M is generated by S C M, or M = (S), if
M={csi+---+cpsn:si €S,¢c € N}

(S) is the set that consists of all finite linear combinations of

elements in S.

If M = (S), we can say that S is a generating set of M.

We say that M is finitely generated if we can find a finite set S
such that M = (S).
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Examples of Generating Sets

Examples.
e Numerical monoids, such as (3,5) := {0,3,5,6} UN>g, are all
finitely generated.
e The (multiplicative) Hilbert monoid H := 4Ny + 1 is
commutative and cancellative, but not finitely generated.
@ The Puiseux monoid M := (% : p € P) is a submonoid of

G := (5, : i € N), where p; is the ith odd prime.
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Units, Atoms, and Atomic Monoids

Definitions. Let M be a monoid.
@ An element u € M is a unit if u+ v =0 for some v € M (in
additive notation).

@ A non-unit a € M is an atom (or irreducible element) if a
cannot be written as a sum of two non-units.

@ The monoid M is atomic if each non-unit can be written as a
finite sum of atoms (allowing repetitions).

Examples.

e In (N,-), the only unit is 1, and we can check that the atoms
are the primes.

@ Every element except 0 in the monoid (Q, -) is a unit.
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Groups

A group has all the properties of a monoid, with the additional
requirement that all elements must have inverses (i.e. every
element is a unit).

If a group is commutative, we say that it is an abelian group.
Examples.

@ (Z,+) is a group; for every element n € Z, we have that
—n € Z as well.

@ (Qso,-) is a group. Every positive rational has a
multiplicative inverse that is also a positive rational!

o (Q>0,-) and (Q>1,-) are monoids, but not groups. Why?
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Rings and Integral Domains

Definition. A ring is a triple (R, +, ) such that
e (R,+,0) is an abelian group,

e (R,-,1) is a commutative monoid, and

@ a(b+ c)=ab+ ac for all a,b,c € R (distributive law).

Definition. An integral domain is a ring R with the property that
for any a, b € R, we have that a- b= 0 impliesa=0or b =0.

Examples.

e 7Z, Q, R: integral domains.

@ Za (integers modulo 4): ring but not an integral domain.
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Semirings and Semidomains

Definition. A semiring (resp. semidomain) is a ring (resp. integral
domain) without additive inverses.

Examples.

@ Ny: semiring, not a ring.
@ Q>0: semiring, not a ring.

e Ny[x]: semidomain of polynomials.
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Minimal Polynomial and Algebraic Conjugates

Recall that an algebraic number is a root of a polynomial in Q[x],
the ring consisting of all polynomials with rational coefficients.

For o € A, the minimal polynomial m(x) € Q[x] of « is the unique
monic polynomial with minimum degree such that m(«) = 0.

The algebraic conjugates of « are all the roots of m(x).
Examples.
o The minimal polynomial of v/3 is x3 — 3.

@ The minimal polynomial of _3+T‘/§’ is x> + 3x + 3, and its

algebraic conjugates are itself, and its complex conjugate,
—3—/3i
>
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Algebraic Numbers and Integers

An algebraic integer is an algebraic number whose minimal
polynomial is in Z[x].

For an algebraic integer «, we define the number field K = Q(«)
as the field containing the elements of the form Z,‘-I:_Ol gia', where
each g; is a rational and d is the degree of the minimal polynomial
of a.

The ring of integers of a number field K, denoted as Ok, is the
ring of all algebraic integers in K.
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Example of an Algebraic Number Field

Example: The algebraic number 7 is an algebraic integer as its
minimal polynomial is x> + 1 € Z[x]. The number field K = Q(i)
contains all elements of the form a + bi, which a, b € Q. We will
show that Ok = Z[i]
@ Any B = a+ bi is the root of m(x) = x> — 2ax + (a® + b?).
o If a,b € Z, then m(x) € Z[x] and thus 3 is an algebraic
integer.
o If ais not an integer, then the only way for the 2ax term of
m(x) to be an integer is if a = & for some odd integer k.
@ This means that k> = 1 (mod 4). The only way for
a’+ b? = %2 + b? to be an integer is if k? 4+ 4b? is an integer.
o However, this implies that 4b?> = 3 (mod 4), which is
impossible when b is rational.
@ Thus 8 € Ok if and only if 8 € Z][i], so we have Ok = Z][i] as
desired.
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Simple Extensions of Ny

Definition. For o« € C, we define
No[e] := {f(e) : f(x) € No[x]}
This is a prototypical example of a cyclic semidomain.

Theorem. For o € A, the semidomain Ny[a] is an integral domain
if and only if a has no positive conjugates.

In this case, No[a] = Z[a].

This theorem plays a central role in our analysis.
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Group of Units

The set of all units of any monoid turns out to be a group!
The set of units...
@ is closed under the operation of the monoid. (If u has inverse
u~! and v has inverse v7!, then u- v has inverse v1.u1)

@ contains the identity element.

@ satisfies associativity, cancellativity, and commutativity, as a
result of being a subset of the monoid which satisfies all these
properties.

For a multiplicative monoid M, we denote its group of units as M*.
Example.

o Consider the monoid No[3] = <2ik : k € Np). Then,

No[1]* = {2k : k € Z}. This is because 2 € No[1] only if n
is a power of 2.
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Group and Monoid Isomorphisms

For groups (G, %) and (H, ), we say that G is isomorphic to H if
there exists a bijective function f : G — H such that
f(ax b) = f(a)-f(b) forall a,b € G. If G and H are isomorphic,

we can write G = H.

More intuitively, this just means that G and H have the same
structure.

This definition also applies to monoids (G, *) and (H, ).

Examples.
o (R,+) = (RT,:) because f(a+ b) = f(a)f(b) for f(x) = ¥
for all a, b € R.
@ Zygis |somorph|c to ({1,7,—1,—i},-). Consider the function

f(x)—e T that mapsOtol ltoi,2to—1, and 3 to —i.
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Finite Cyclic Groups and Roots of Unity

We call a group G cyclic if there exists an element a € G such that
G=(ay={...,a2atea ..}

If this group has finitely many elements (i.e. a/ = a¥ for some
J# k, j,k €Z), then we call it a finite cyclic group of size n,

where n is the number of elements the group contains. Such a
group can be denoted by C,.

Note that every finite cyclic group of size n is isomorphic to Z,.
An nth root of unity is one of the n solutions to the equation

. 2mik e
x" = 1. The set of solutionsis e n» :0< k<n-— 1}. This is in
fact a finite cyclic group of size n under multiplication!

Example.

@ The fourth roots of unity are the solutions to x* = 1, which
are 1, —1, i, and —i.
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Dirichlet's Unit Theorem

Dirichlet’s Unit Theorem. Let a be an algebraic integer with
minimal polynomial m(x). Then:

Z[OZ]X o Zr1+r2—1 % L

where r; is the number of real roots, rp is the number of complex
conjugate pairs, and p is the finite cyclic group of roots of unity in
Z]al].

Historical Note: Established by Dirichlet (1846), this landmark
result reveals that the group of units in a number ring is finitely
generated.
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Group of Units of Cyclic Semidomains

Proposition. [Dani-Li-Paladiya, 2025] Let « be algebraic such
that No[a] is not an integral domain. If No[a]* is nontrivial, then
a” € No[a]* for all n € Ny, which is equivalent to the additive
monoid being antimatter.

Theorem.[Dani-Li-Paladiya, 2025] Let 8 be an algebraic number.
e If 3> 0, then No[5]* = Z".

e Otherwise, No[f]* = C x Z".

This generalizes Dirichlet's theorem to certain semiring settings.
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First Example of the Group of Units

Example. The group of units of N [%] is isomorphic to Z2.

o First, - € No[¢] for k € No, and we can multiply this by 23"
for m,n € Ng to get 2™~*3"=k_ Since (m — k, n — k) can
cover all of Z?, we can obtain all 223 € No[}] for a, b € Z.

@ Since 2230,27237b c N, [%] for all a, b € Z, this implies 2230
are units for all integers a, b.

@ It is then clear that any element not of this form cannot be a
unit; its inverse would have a prime number (not equal to 2 or
3) as a divisor the denominator.

@ Thus, we have Ny [%] “={293b.a bez} 272
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Second Example of the Group of Units (part 1)

Example. Let o be a root of x? 4+ 3x + 3. Let us show that
No[a]* is generated by a + 2.

This group is finite and contains precisely the sixth roots of unity.
Thus, it is isomorphic to Gg.

@ Suppose o = 73%‘/@ Notice that « +2 = e 6 and
2mi

at+1l=e3.
o Letting w = o + 2, we have w?=a+1.

@ This gives
a=a+(@®+3a+3)=(a+3)(a+1)=(w+1)- w?

@ Since « has no positive conjugates, we can work in Z[«].

o Any element of Ng[a] can be written as f(a) = 3 cia,
¢ € 7.
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Second Example of the Group of Units (part 2)

@ Because we know w3 = —1, we can make the substitution
a = (w+1)-w? into f(a), and simplify until we get
f(a) = a+ bw + cw? for some a, b, c € Z.

@ Any a+ bw + cw? must lie on a vertex of this equilateral
triangle tiling of the complex plane. From here, we obtain that
the units must be precisely those that lie on the unit circle.
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The Unique Factorization Property

Definition. A monoid M (resp. integral domain M) is a UFM
(resp. UFD) if every element of M has only one factorization up to
multiplication by units and ordering of its atoms.

e Zis a UFD.
e Z[x] is a UFD, but Nyg[x] is not a UFS.

o Indeed, we can observe that (x> + 1)(x? + x + 1) and
(x* +x% 4+ 1)(x + 1) both equal x> + x* + x3 4+ x2 + x! + 1.
It can be shown that both elements of each factorization are
atoms, and so these are two distinct factorizations of the
same element.
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More Examples of UFDs

e Z[i] = Z[v/—1] is a UFD.

e However, Z[y/—5] is not a UFD. In fact,
6=2-3=(1++v-5)(1—+/-5). We can show that these
elements are irreducible and not associates of each other, so
they are distinct factorizations.

It is actually not known whether there are infinitely many d € N so
that Z[v/d] is a UFD. When d is negative, the ring Z[v/d] is a
UFD precisely when d is one of

-1,-2,-3,-7,—-11,-19, -43, —67, —163.
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UFD Proposition

Proposition. [Dani-Li-Paladiya, 2025] Let « be an algebraic
integer whose minimal polynomial has no positive roots and let
n € N. Then, if No[a] is a UFD, we also have that No[%] is a UFD.

Insight. The UFD property for algebraic integers always descends
to scaled extensions.

Example. Recall that Z[i] is a UFD. As the conjugates of i are
+i ¢ R0, we have that Z[i] = No[i]. It follows from the
Proposition that Ng[+] is a UFD for any n € N.
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Finite Factorization

Definition. A monoid is an FFM if it is atomic and each nonunit
has only finitely many factorizations into irreducibles, up to order
and multiplication by units.

Similarly, semidomains and integral domains satisfying the finite
factorization property are called FFS and FFD, respectively.

Note that the unique factorization property is stronger than finite
factorization.

@ The ring of integers Z is an FFD as it is a UFD
@ The monoid (2, 3) under addition is an FFM.
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An Example Not Satisfying FF

Here is an example of a monoid that is atomic but not an FFM.

Example. The monoid M = <% : p € P) is not an FFM.

o First observe that each % for p € P is irreducible.

o If we have { + 5 = %, then % = %. Then either p | b or

p | d, but this forces one of a or ¢ to be 0.

@ The element 1 has infinitely many factorizations:
l=2+ 4+ forallpeP.
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Finite Factorization Monoids

Theorem. [Deng-Zeng, 2025] Ng[q] is an FFM if and only if:
Q@ g c N*L
@ the denominator of g = £ € (0,1) N Q, with gcd(a, b) =1, is

a power of a prime;

Qqg>1

Remark: g > 1 turns Np[q] into an FFS because InNg[q]* is a
positive monoid generated by an increasing sequence (which is
known to be an FFM by Gotti [Theorem 5.6] in “Increasing
positive monoids of an ordered fields are FF").

Implication. The arithmetic of Ng[gq] is highly sensitive to the
nature of q.



Factorization Properties
000000800

A Useful Isomorphism Between Cyclic Semirings

Proposition. Let o have minimal polynomial m(x), and let 3 be a
root of m(x). Then No[a] = Nyo[3].

@ The isomorphism ¢ : No[a] — No[f] is given by
o(f(a)) = f(B), where f(a) € No[a] with f(x) € Nog[x].

@ It can be verified that this map is in fact multiplicative and a
bijection, and also that it is well defined.
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The Finite Factorization Property (part 1)

Proposition. Let « be an algebraic integer. If « has a real
algebraic conjugate § such that 5 > 1, then Ny[a] is an FFS.

@ Since [ is an algebraic conjugate of «, from the proposition
on the previous slide we have that No[a] = Ng[5]. Hence both
semidomains have the same structure and the same
factorization properties.

e If B > 1, then we have that for each element m € Ny[f], there
are finitely many elements less than m (and all elements are
at least 1).

@ Then, the number of distinct factorizations of m is at most

I[I  log(m),

ecNg[f],1<e<m

which is finite. Thus, No[f] is an FFS, and so is No[a].
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The Finite Factorization Property (part 2)

Proposition. [Dani-Li-Paladiya, 2025] Let « be an algebraic
integer whose minimal polynomial has no positive real roots. Then
No[a] is an FFD.

Proposition. [Hong et al. 2025 & Dani-Li-Paladiya, 2025] Let «
be algebraic and No[a]* = {1}. Then Ny[«] is an FFD iff for every
a, the set

S:={ueZ[a]*:auau"t € Ng[a]}

is finite.

Remark. This links the finiteness of factorizations to the ambient
unit group.
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End of Presentation
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